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GENERALIZATIONS OF THE PRIMITIVE AND NORMAL
BASIS THEOREMS
SHAHRAM BIGLARI
Abstract. Using a Zariski topology associated to a finite field exten-
sions, we give new proofs and generalize the primitive and normal basis
theorems.
§1. Introduction
The aim of this note is to show that many of the algebraic properties of field exten-
sions can be restated in terms of existence of certain dominant morphisms between
affine varieties. As applications of this point of view we derive generalizations of
two basic theorems in algebra, namely the primitive and normal basis theorems.
In the first section after this introduction we prove some elementary results about
Zariski topology on standard affine spaces and their subsets. All the results here
are derived from definitions. We have stated the results in the forms we make use
of them and not in their full generality. A reader unfamiliar with the basic defini-
tions and exercises on the notion of Zariski topology is referred to [3, Chapter 1, §2].
In the third section which is devoted to a generalization of the primitive element
theorem, we show that a field extension E/F of infinite fields is separable if and
only if there exist a field K ⊇ E and an F−algebra embedding E → Kn with a
Zariski dense image. This immediately implies that E/F is separable if and only
if TrE/F 6= 0. A less immediate consequence is the following generalization of the
primitive element theorem.
Theorem (3.5) Let E/F be a separable extension of finite degree of infinite fields
and S a finite set of non-constant polynomials over F . Then there exist infinitely
many a ∈ E such that
E = F (h(a)), ∀h ∈ S.
As shown in 3.7, this implies that for such an extension there are infinitely many
a ∈ E with E = F [a] and NE/F (a) = 1. This immediately implies an old and well-
known result: let b, c ∈ Q with b2− 4c 6∈ Q2. Then the equation x2+ bxy+ cy2 = 1
has infinitely many solutions in Q.
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In section four, we show that an extension E/F of finite degree of infinite fields is
Galois if and only if there exist an F−algebra embedding E → En with a Zariski
dense image. From this we obtain the following theorem.
Theorem (4.5) Let E/F be a Galois extension of finite degree of infinite fields
and S a finite set of non-constant polynomials over F . Then there exist infinitely
many a ∈ E such that for each h ∈ S
(1) E = F (h(a)) and
(2) {σ(h(a)) | σ ∈ Gal(E/F )} is a basis of E over F .
This is in fact a a simultaneously generalized primitive and normal basis theorem.
Related to the classical version of these theorems, we will show in 4.6 that the above
implies that for an extension E 6= F as in the theorem, there are infinitely many
a ∈ E with E = F (a), NE/F (a) = 1, and {σ(a) | σ ∈ Gal(E/F )} a basis of E over
F . Even this special case seems to be a new result.
We would like to mention that there are quite a few articles in literature treating
various forms and generalizations of the primitive and normal basis theorem among
them are [1] and [4] and the references there.
§2. The Zariski topology for finite field extensions
Let K be a field and n a positive integer. A subset V ⊆ Kn is called Zariski
closed if there is a set of polynomials S ⊆ K[x1, . . . , xn] such that V is the set of
points (λ1, . . . , λn) ∈ K
n with f(λ1, . . . , λn) = 0 for all f ∈ S. The complement of a
Zariski closed subset is called Zariski open. It is easy to see that the collection of all
Zariski open subsets ofKn defines a topology and that anyK−linear endomorphism
of Kn is continuous.
Proposition 2.1. Let F ⊆ K be a field extension of infinite fields and V a
F−vector subspace of Kn. Then the Zariski closure of V in Kn is the K−vector
subspace generated by V .
Proof. Let VK be the K−vector subspace generated by V . For a chosen K−basis
of VK from elements of V , we can find a K−linear automorphism f of K
n trans-
ferring VK to the Zariski closed subset K
r for r = dimKVK . By definition f is a
homeomorphism. Since f is also F linear, we see that
F r ⊆ f(V ) ⊆ Kr.
Taking the closure, it is enough to show that F r is dense in Kr. For this, it
suffices to show that if p ∈ K[x1, . . . , xr] vanishes on F
r, then p = 0. Fix a point
(λ1, . . . , λr−1) ∈ F
r−1. The polynomial p(λ1, . . . , λr−1, xr) ∈ K[xr] has infinitely
many roots and hence identical to the zero polynomial. This implies that p is a
polynomial on xr with coefficients in K[x1, . . . , xr−1] all vanishing on the whole of
F r−1. An induction shows that p = 0. 
Corollary 2.2. Every dense subset Y of Kn, for an infinite field K, is irreducible,
i.e. if Y ⊆ C1 ∪ · · · ∪ Cm for Zariski closed subsets Ci of K
n, then Ci = K
n for
some i.
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Proof. Assume that Ci 6= K
n for all i ≤ m. Thus there exist polynomials fi ∈
K[x1, . . . , xn] such that fi is zero at all points of Ci but non-zero at some points
of Kn. Consider f := f1 · · · fm. By assumption f = 0 as a function on Y and
hence on Kn. As in the last paragraph of the proof of 2.1 we see that f = 0 as a
polynomial. Hence fi = 0 for some i. This contradiction proves the corollary. 
Corollary 2.3. Let E/F be an extension of finite degree n of infinite fields and K
a field containing F . Then the closure of the image of the regular representation
ξE/F : E −→EndF (E)⊗F K =Mn(K)
x 7−→ (Lx : y 7→ xy)⊗ 1.
is a K−vector subspace of dimension n.
Proof. We first note that L : E → EndF (E) = Mn(F ), x 7→ Lx is an F−algebra
embedding. The assertion follows from this and 2.1 by virtue of the fact that any set
of F−linearly independent elements of EndF (E) remains K−linearly independent
in Mn(K). 
Lemma 2.4. Let K be an infinite field, n a positive integer, and pi ∈ K[x1, · · · , xi]
polynomials with ∂pi/∂xi non-zero for all i ≤ n. Then the mapping
p : Kn → Kn, (λ1, . . . , λn) 7→ (p1(λ1), . . . , pn(λ1, . . . , λn))
has a Zariski dense image.
Proof. To simplify the notations we denote a typical element (λ1, . . . , λn) ∈ K
n
by λ¯ and pi(λ1, . . . , λi) by pi(λ¯) for i ≤ n. We prove by induction on n that if
q ∈ K[T1, · · · , Tn] is a polynomial such that
q(p1(λ¯), . . . , pn(λ¯)) = 0 ∀λ¯ ∈ K
n,
then q = 0. The case n = 1 follows from the fact that p1 is not constant and hence
the image of p, as a function on K, is an infinite subset so that q(p1(λ)) = 0 would
have infinitely many solutions, that is q = 0. Assume that the statement above
holds for n − 1. Now let us prove the statement for n. We can write q as a sum
of qrT
r
n with qr ∈ K[T1, . . . , Tn−1] and r = 0, 1, . . . ,m. Let µ¯ := (λ1, . . . , λn−1)
be fixed. The polynomial pn(λ1, . . . , λn−1, Tn) is not constant and hence the set
{pn(λ1, . . . , λn−1, λn) | λn ∈ K} is infinite. This means that the polynomial
q(p1(µ¯), . . . , pn−1(µ¯), Tn) has infinitely many zeros and hence for all r
qr(p1(µ¯), . . . , pn−1(µ¯)) = 0 ∀µ¯ ∈ K
n−1.
By induction we deduce that q = 0. 
Corollary 2.5. Let K be an infinite field and p a non-constant polynomial over
K. Then the mapping p˜ : Kn → Kn taking (λ1, . . . , λn) to (p(λ1), . . . , p(λn)) has
a Zariski dense image.
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§3. A generalization of the primitive element theorem
Recall that a field extension E/F is said to be separable if every element λ ∈ E is
a simple root of a non-zero polynomial f(x) ∈ F [x]. What follows is a character-
ization of separable field extensions and a generalization of the primitive element
theorem. For a classical proof and detail see [2, V, §7].
Definition 3.1. Let K be an infinite field and n a positive integer. We define
PK(n) to be the set of elements (λ1, . . . , λn) ∈ K
n with λi 6= λj for all i 6= j.
Proposition 3.2. An extension E/F of infinite fields of degree n is separable if
and only if there exist a field extension K/F and an F−algebra embedding
ξE/F : E → Dn(K)
with Zariski dense image.
Proof. Assume that E/F is separable and consider the F−algebra embedding ξE/F
defined in 2.3. Since E/F is separable, we see that for each element x ∈ E the
matrix ξE/F (x) satisfies a separable polynomial and hence diagonalizable over any
algebraic closure K of F . But E is a set of commutative elements of Mn(K), and
hence they can be diagonalized by the same transformation, say P ∈ GLn(K). In
this way we obtain an F−algebra monomorphism ξ¯E/F : E → Dn(K) by sending
x ∈ E to P−1ξE/F (x)P . The image of this embedding is by 2.3 dense. Now we
prove the converse. Note that PK(n) is a non-empty open subset of Dn(K). Since
ξ¯E/F (E) is dense in Dn(K) we can find an element a ∈ E such that ξ¯E/F (a) ∈
PK(n). Let A := ξ¯E/F (a) ∈ Dn(K) and note that the minimal polynomial of
A over K is of degree n and with only simple roots and dividing the minimal
polynomial g(x) of a over F . This means that g(x) has only simple roots and is of
degree n. Therefore E = F (a) with a separable. Thus E/F is separable. 
Remark 3.3. The above proof shows that for a separable field extension E/F of
degree n of infinite fields, there exists a non-singular matrix P ∈ GLn(K) such that
x 7→ P−1ξE/F (x)P is an embedding with required properties in 3.2.
Lemma 3.4. Let F ⊆ E ⊆ K be extensions of infinite fields with E/F of degree n
and ξE/F : E → Dn(K) an F−algebra embedding with Zariski dense image. Then
ξ¯E/F (E) ∩ PK(n) = {ξ¯E/F (a) | E = F (a)}.
Proof. The inclusion ⊆ follows from the fact that the minimal polynomial over F
of any element a ∈ E has to be divisible by the minimal polynomial over K of
ξ¯E/F (a). The latter is of degree n because ξ¯E/F (a) ∈ PK(n). Now we show the
inclusion ⊇. If a ∈ E with E = F (a) and ξ¯E/F (a) 6∈ PK(n), then every element
of ξ¯E/F (E) will be in K
n \ PK(n). This is impossible because ξ¯E/F (E) is dense in
Kn. 
Theorem 3.5 (The primitive element theorem). Let E/F be a separable extension
of finite degree of infinite fields and S a finite set of non-constant polynomials over
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F . Then there exist infinitely many a ∈ E such that
E = F (h(a)), ∀h ∈ S.
Proof. The case n := dimE(E) = 1 is trivial and hence we assume that n > 1. Let
K and ξE/F : E → Dn(K) be as in 3.2 and PK(n) as in 3.1. For each h ∈ S consider
h as a function on E and the associated morphism h˜ as in 2.5. By definition 3.1,
the set PK(n) is open and non-empty and hence by 2.5 h˜
−1(PK(n)) is a non-empty
subset of Dn(K). By density of ξ¯E/F (E) in the irreducible space Dn(K) we have
ξ¯E/F (E) ∩
(⋂
h∈S
h˜−1(PK(n))
)
6= Ø.
Let ξ¯E/F (a) be an element in this set and h ∈ S. Note that since ξ¯E/F is an
F−algebra homomorphism we have ξ¯E/F ◦ h = h˜ ◦ ξ¯E/F . Therefore h˜(ξ¯E/F (a)) ∈
PK(n) if and only if ξ¯E/F (h(a)) ∈ PK(n). It follows from 3.4 that E = F (h(a)).
Moreover by 2.2 the above intersection is an infinite set. 
Remark 3.6. With the notations as in 3.5 assume that E 6= F . It can in fact be
shown that the set
A := {aF× | E = F (h(a)) ∀h ∈ S} ⊆ E×/F×
is infinite. This is particularly interesting when S = {x} ⊆ F [x].
Corollary 3.7. Let E/F be a non-trivial separable extension of infinite fields of
finite degree. Then there exist infinitely many a ∈ E such that E = F (a) and
NE/F (a) = 1.
Proof. Consider an embedding ξ¯E/F : E → Dn(K) as in 3.3 so that NE/F (a) =
det(ξ¯E/F (a)). Using 3.5 with S = {x
n} where n = dimFE we find elements b ∈ E
×
with E = F (bn). Now we can take a = bnNE/F (b)
−1. If there were only finitely
many such a, say a1, . . . , ak corresponding to b1, . . . , bk, then for U = x˜n
−1
(PK(n))
and C = {x ∈ Dn(K) | x
n − det(x) = 0} we would have
ξ¯E/F (E) ⊆
(
Dn(K) \ U
)
∪ ξ¯E/F (b1)C ∪ · · · ∪ ξ¯E/F (bk)C,
thus contradicting 2.2. 
§4. A generalization of the normal basis theorem
Recall that a separable extension E/F of finite degree of fields is Galois if the set
of F−algebra automorphisms of E has exactly [E : F ] elements. Similar to the
results of the previous section we give a Zariski topological characterization of this
notion and prove a generalized version of the normal basis theorem. For a proof of
the classical version see [2, V, §10].
Proposition 4.1. An extension E/F of infinite fields of degree n is Galois if and
only if there exists an F−algebra embedding
ξE/F : E → Dn(E)
with Zariski dense image.
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Proof. Let ξE/F : E → Dn(E) be an F−algebra embedding with Zariski dense
image. By 3.2 the extension E/F is separable. For each i = 1, 2, . . . , n define
pii : E → E be sending x to ξE/F (x)ii. It is clear that each pii is an F−algebra
homomorphism whose kernel is by density of ξE/F (E) in Dn(E) trivial. Hence
each pii is an F−automorphism of E. Finally we note that again by density of E in
Dn(E) the morphisms pii’s are mutually distinct. This proves that E/F is Galois.
To prove the converse let E/F be a finite galois extension. By 3.2, there exist a
field K ⊇ E and an F−algebra embedding ξE/F : E → Dn(K) with Zariski dense
image. We prove that the image is contained in Dn(E). As above we consider
F−algebra monomorphisms pii : E → K. Since the extension E/F is galois the
image of any such homomorphism is contained in E. Now it is easy to see that the
induced topology on Dn(E) ⊆ Dn(K) is the Zariski topology. 
Definition 4.2. Let E/F be a Galois extension of degree n of infinite fields. We
identify Gal(E/F ) with {1, . . . , n} and define NE(n) to be the set of elements
(λ1, . . . , λn) ∈ E
n with det(λστ ) 6= 0.
Lemma 4.3. NE(n) is open and non-empty.
Proof. Being open is trivial and the rest follows from the fact that for λ :=
(1, 0, . . . , 0) we have det(λστ ) = ±1. 
Lemma 4.4. With notations as in 4.2, ξ¯E/F (E) ∩ NE(n) is the set of elements
ξ¯E/F (a) such that {σ(a) | σ ∈ Gal(E/F )} is a basis of E over F .
Proof. It is enough to note that for λ := ξ¯E/F (a) we have λσ = σ(a) for all σ ∈
Gal(E/F ). 
Theorem 4.5 (The normal basis theorem). Let E/F be a Galois extension of finite
degree of infinite fields and S a finite set of non-constant polynomials over F . Then
there exist infinitely many a ∈ E such that for each h ∈ S
(1) E = F (h(a)) and
(2) {σ(h(a)) | σ ∈ Gal(E/F )} is a basis of E over F .
Proof. The proof is similar to that of 3.5; replace PK(n) by PE(n) ∩ NE(n) and
obtain
ξ¯E/F (E) ∩
(⋂
h∈S
h˜−1
(
PE(n) ∩NE(n)
))
6= Ø.
Let ξ¯E/F (a) be an element in this set and h ∈ S. By 3.4 and 4.4 the two conditions
in the statement are satisfied for a. 
Corollary 4.6. Let E/F be a non-trivial Galois extension of infinite fields of finite
degree. There exist infinitely many a ∈ E such that
(1) E = F (a),
(2) NE/F (a) = 1,
(3) {σ(a) | σ ∈ Gal(E/F )} is a basis of E over F .
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Proof. Take S = {xn} where n = dimFE and use the argument in 3.7 with the
same C but with U being replaced by x˜n
−1(
PE(n) ∩NE(n)
)
. 
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